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NUMERATION SYSTEMS AND MARKOV PARTITIONS
FROM SELF SIMILAR TILINGS

BRENDA PRAGGASTIS

ABSTRACT. Using self similar tilings we represent the elements of R™ as digit
expansions with digits in R™ being operated on by powers of an expansive linear
map. We construct Markov partitions for hyperbolic toral automorphisms by
considering a special class of self similar tilings modulo the integer lattice.
We use the digit expansions inherited from these tilings to give a symbolic
representation for the toral automorphisms.

Fractals and fractal tilings have captured the imaginations of a wide spectrum of
disciplines. Computer generated images of fractal sets are displayed in public sci-
ence centers, museums, and on the covers of scientific journals. Fractal tilings which
have interesting properties are finding applications in many areas of mathematics.
For example, number theorists have linked fractal tilings of R? with numeration
systems for R? in complex bases [16], [8].

We will see that fractal self similar tilings of R™ provide natural building blocks
for numeration systems of R"™. These numeration systems generalize the 1-dimen-
sional cases in [14],[10],[11] as well as the 2-dimensional cases mentioned above.
Our motivation for studying fractal tilings comes from ergodic theory.

In [2] Adler and Weiss show that topological entropy is a complete invariant
for metric equivalence of continuous ergodic automorphisms of the two-dimensional
torus. Their method of proof is to construct a partition of the 2-torus which satisfies
certain properties. The partition is called a Markov partition. By assigning each
element of the partition a symbol, it is possible to assign each point in the 2-torus
a bi-infinite sequence of symbols which corresponds to the orbit of the point. The
objective is to represent the continuous dynamical system as a symbolic one in such
a way that periodicity and transitivity is preserved in the representation.

In [4] Bowen shows that every Anosov diffeomorphism has a Markov partition.
In particular every hyperbolic toral automorphism has a Markov partition. His
construction uses a recursive definition which deforms rectangles in the stable and
unstable directions. While existence is shown, the proof does not indicate an effi-
cient way to actually construct the partitions. In [5] Bowen shows that in the case
of the 3-torus the boundary sets of the Markov partition have fractional Hausdorff
dimension. In [3] Bedford constructs examples of Markov partitions for the 3-torus
and describes the sets as crinkly tin cans. In [6] Cawley generalizes Bowen’s results
to higher dimensional tori.

Since Markov partitions have properties which resemble those of self similar
tilings and the boundary sets of these partitions have fractional dimension, it is
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natural to suggest that an explicit finite construction of Markov partitions for hy-
perbolic toral automorphisms may be given using fractal self similar tilings. More-
over, there is a natural way to represent points in a tiled space using a symbolic
system. The representations correspond to digit expansions. The set of sequences
of digits used in these expansions will in turn generate a symbolic dynamical system
which is metrically similar to the continuous system defined by the corresponding
toral automorphism.

1. SUBDIVIDING AND SELF SIMILAR TILINGS

In this first section we review the definition and properties of self similar tilings.
Much of this information may be found in [17] and [10]. We then indicate how a
self similar tiling of R™ provides a numeration system for R™. Let X be a subset of
R™ which is the closure of its interior.

Definition. A collection T of compact subsets of X is a tiling if it satisfies the
following properties.

(1) The union of the sets in T is equal to X.

(2) Each set in ¥ is the closure of its interior.

(3) Each compact set in X intersects a finite number of sets in ¥. (In this case
we say that T is locally finite.)

(4) The interiors of the sets in T are mutually disjoint.

The sets in ¥ are called tiles.
Suppose G is a subgroup of R™. A tiling ¥ of X is G -finite if there exists a
finite partition {¥;};e; of T such that if T' € T;, then

T Cc{T+g:9€G}.

The collection {T;},cs is a tile type partition for .

Suppose T is a G-finite tiling of X with a tile type partition {T;};es. If T,
T? € T, for some j € J, then we will say that 7" and T? are of the same type.
This implies that there exists g € G such that T' 4+ g = T2. We say that 72 is a
G-translate of T'. This does not mean that if 7', 72 € ¥ and g € G such that
T!' 4+ g = T?, then T' and T? are of the same type. We will see that there will
often exist tile type partitions which contain elements ¥;, and ¥, such that every
tile in ¥;, is a G-translate of every tile in T;,. It follows that there are arbitrarily
many different ways to define a tile type partition for a G-finite tiling. For now, let
{%,};es define a tile type partition for T. Let P be the set of all finite unions of
tiles in . Let 9B be the set of all bounded subsets of X. Note that B C B.

Definition. Let P'; P? € B, then there is a finite collection of tiles {T%}, . ;- such
that P! = (e T%. The sets P! and P? have the same pattern if there exists
g € G such that P! + g = e T* + g = P? and for each k € K, T* + g is a tile
in T of the same type as T*. In particular tiles of the same type have the same
pattern. If U € B, then there is a finite union of tiles P € B such that U C P.
If g € G, then U and U + ¢ have the same pattern if for some P € B such that
U C P we have that P 4+ g € 9 and P + g and P have the same pattern. If V is
a subset of X and U € ‘B, then V contains the pattern of U if for some g € G,
U+ g CV and U + g has the same pattern as U.

Let ¢ be an expansive linear map on R™ such that X = X. To be expansive
means that the eigenvalues for ¢ all have modulus greater than 1. We adapt a
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norm for R™ which reflects the expansiveness of ¢ as in [12]. More specifically, let
{Xi},_, be the eigenvalues of ¢ ordered so that

<A <Al < <A
Choose p such that 1 < p < |A1|. We choose a norm || - || so that for all z € R"
2] < ellz|| < [|pz|| and

lo~ 2| < o™l < [l

Definition. A G-finite tiling T with tile type partition {¥;},c; has a finite num-
ber of local patterns if, for each 6 > 0 we have that the set

{P € P: diameter(P) < 6}
contains a finite number of distinct patterns.

A slightly stronger restriction on ¥ is that ¥ has only a finite number of local
patterns and these patterns are scattered uniformly throughout the tiling. Let
B, (z) denote the open ball of radius r about x.

Definition. A G-finite tiling T with tile type partition {¥;};c; is called quasi-
periodic if for each r > 0 there exists R = R(r) > 0 such that every open ball of
radius R contained in X contains the pattern of B,(z) N X for all z € X.

Let G be a subgroup of R” such that ¢G = G.

Definition. A G-finite tiling ¥ of X with tile type partition {¥;},cs is subdivid-
ing with expansion map ¢, if for each T € ¥, ¢T is a finite union of tiles and if
T and T are tiles of the same type, then ¢T and ¢T’ have the same pattern. For
each T' € T; we may think of the pattern of ¢1" as defining a subdivision rule for
%;. A quasi-periodic subdividing tiling of T of X with expansion map ¢ is called a
self similar tiling.

Example 1. Let ¢ be the expansive map on R given by multiplication by

1 5
A= +2\/_.

Note that A is a zero of #2 — 2 — 1. Let XT = [0,00). We construct a Z[\]-
finite subdividing tiling T of X with expansion map ¢. Let Ta = [0,1] and
T = [0, A —1]. We will partition T into two sets Ta and Tg. The tiles in Ta
will be Z[A]-translates of T'a and the tiles in Tg will be Z[A]-translates of Tg.
We define ¥ by inductively defining o and Tg. Let Ta € Ta. If x € Z[\] and
TaA +x € Ta, then
o(Ta+2) = [0,A\]+ Az
([0,1] + Az) U([1,A] + Ax)
= (Ta+X2)U(TB+ 1+ Ax).
Let Ta + Az € Ta and let T + 1+ Az € Tp. If y € Z[\] and T + y € T, then

o(Ts+y) = [0,A*=A]+Ay
= [0,1]+ Ay
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Let Ta + Ay € Ta. The tiling T is a Z[\]-finite subdividing tiling of X with
expansion map ¢ and tile type partition {¥a,%g}.

We can represent the subdivision rules for ¥ in terms of a substitution map. Let
A represent a tile in To and B represent a tile in Tg. Define a substitution map 6
on the words in {A, B} by letting §(A) = AB and letting 6(B) = A. We define ¢
on each finite or infinite string of symbols in {A, B} by applying it to each symbol
in the string. We see that ¥ is represented by the fixed word

w=ABAABABAABAAB....
That is, fw = w.

Example 1 illustrates a subdividing tiling which is actually self similar. We will
prove this later. For now the main thing to note is that Ta C ¢Ta.

We now assume that ¥ is a subdividing tiling of X with expansive map ¢. Let
{%,};es be a tile type partition for T. For each tile T' let 9T denote the boundary
of T. Let 0% = (J, .7 9T be the boundary of T. Let u be Lebesgue measure on
R™.

Proposition 1.1. The Lebesgue measure of the boundary of ¥ is 0.

Proof. Suppose p(0% ) # 0. Then since ¥ is locally finite for some tile 7', we have
w(0T) # 0. Since ¥ contains only a finite number of tile types, there exists

] :max{%:TET}<l.

It follows that there exists a tile Ty such that pu(97p) = du(Tp) , and for all 77/ € ¥
we have p(0T") < du(T").
Note that if 7' and T2 are two distinct tiles, then

pO(T'UT?)) < p@Th) + p(dT?) — p(dT N AT?)
< ou(Th) + 6u(T?) — w(dT* N AT?)
= §(WT'UT?) + (T NT?) — pOT' NoT?)
= Su(T*UT?) + (6 — VHu(dT* N IT?)
< ou(T'uT?)

since T' NT? = 0T N OT2. Applying induction we find for any finite collection of
distinct tiles {T*}£_, that

L L
p@ 1% < ou(|J 1.
k=1 k=1

Since ¢ is expansive we choose Ny such that for all N > Ny we have Int(qSN 7o)
contains a tile. Let Py be the element of P consisting of just those tiles in (bN To
which intersect the set ¢ (9Tp). Since ¢ is a homeomorphism, ¢ (9Tp) is just
the set 9(¢™ Tp). We have pu(Py) < u(¢™Tp) for all N > Ny since ¢V Tjy contains
a tile which does not intersect its boundary. By the previous paragraph we have
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M(B¢NT0) < 6u(Py) since o¢NTy C OPy. So

| det ¢ - p(9Tp)
| det ™[ - u(Th)
(o™ 9Ty)
p(6™ o)
Sp(Pn)

11(o™N )
< 0.

The contradiction implies that ©(90T) = 0 for each tile T |

5 =

Definition. A G-finite subdividing tiling ¥ with expansive map ¢ and tile type
partition {¥,} e is mixing if for each T' € ¥ and P € P there exists Ny > 0 such
that for all N > Ny we have that ¢” (T') contains the pattern of P.

The following fact was also noted by Kenyon in [9]. The proof may be found in
[15].

Proposition 1.2. Let T be a G-finite subdividing tiling of X with expansive map ¢
and tile type partition {%;};c;. Then T is quasi-periodic if and only if T is mizing
and has a finite number of local patterns.

Example 2. Let T be the subdividing tiling of X+ in Example 1. Let § > 0.
There are only a finite number of ways to arrange almost disjoint Z[\ ]-translates
of T and Tg in X so that their union is connected and has diameter less than
0. So ¥ has a finite number of local patterns. Let P be a finite union of tiles in
%. For some N > 0 we have P C ngTA. Hence for all T € o we have that quT
contains the pattern of P. If T' € T, then ¢T" contains a tile in T so ¢N+1T1
contains the pattern of P. It follows from Proposition 1.2 that ¥ is self similar.

Since ¥ has a finite number of tile types, we may record the subdivision rules
for ¥ in a finite manner. We will use a graph to indicate the subdivision rules for
. The generic definitions for graphs and the objects related to graphs given below
are adapted from [13].

A graph I consists of a finite set of vertices V together with a finite set of edges
€. The edge a has a source s(«) and a target ¢(«). If I is a set of consecutive
integers in Z, then a sequence (or finite sequence or bi-infinite sequence) of edges
{n*}rer is called a path in T if for each k, k + 1 € I we have t(n*) = s(nf*!). If
{n*}2_y is a path in T, then s(n~%) is the source of the path. If {n*}L
is a path in T, then t(nM) is the target of the path. A path {#*}/_ has both
a source 5(n~"V) and a target t(n™). A path {n*}, _, has neither a source nor a
target. If I is a finite set of consecutive integers, then the length of a path {n*}rcs
is |1].

If n and € are two paths in I', then we shall say that n equals € if n = {n*}rer
and ¢ = {€*} e for some consecutive sequence of integers I and for each k € I we
have n* = €*. That is, the two paths must be indexed by the same set and each
pair of edges n* and €* with the same index are actually the same edge. If 1 is not
equal to €, then we shall say that the paths are distinct.

Definition. The subdivision graph I' for ¥ has a finite set of vertices V indexed

by J and edges £. If v;, and v, are vertices in V, then there are exactly Mj, j,
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edges with source v;, and target vj, if and only if for each T" € T, there are exactly
Mj, j, distinct elements of T, contained in ¢7'. Since T is subdividing, the number
M;, ;, is well-defined for each pair j; and j. The transition matrix M is given
by {Mj, j,}(j1,j2)esxs- Note that if T is mixing, then M is aperiodic.

Let I" be the subdivision graph for €. For each ji, jo € J let ij be the subset of
edges in & which have source v;, and target vj,. Let £; be the subset of edges in
& which have source vj, and let £72 be the subset of edges in & which have target
vj,. We use the edges in £, to index the tiles in ¢T" for each T' € T, . That is, we
write

oT = |J 1¢

ac 5]-1

for the unique finite union of tiles found in ¢T such that if ¢(a) = wvg,, then
T €%y .

Let {T}},;c; be a representative set of tiles for {T;} e such that 7} € T;. Fix
a point ; € T;. For each Tj + g € T; define

d(Tj +g) =x;+g.

)

The point d(T; + g) is called a positional point for T} + g and d(%) is a set of
positional points for T. Suppose 7% € T; and T' € ¥, such that T C ¢T°.
We record the relative position of Tt in ¢T° by noting the difference

d(T*) — ¢d(T°).
Let T? € %,,- Then there exists a unique T3 € %, such that T3 C ¢T? and
d(T?) = ¢d(T?) = d(T") — ¢d(T°).
We have in this case
d(T?) = ¢d(T?) + (d(T") — ¢d(T°)).

This is one way of saying that T is in the same relative position in ¢T? as T is
in ¢T°.

Definition. The label map L, assigns to each edge o € £ a vector in R". If
T €%, and {T} is the unique set of tiles in ¥ such that

or = |J 17
agé;

then Lq(a) = d(T*) — ¢d(T') for each a € ;.
The pair (I', Ly) completely describes the subdivision rules for €. If T' € %
then for each o € £F there is a unique tile 77 € T, such that T’ C ¢T and

d(T") = ¢d(T) + La().

agg;

Example 3. Let T be the subdividing tiling of X = [0, 0c0) with expansive map
¢ given in Example 1. For each T' € ¥ let d(T) be the left endpoint of T. The
subdivision graph for ¥ is in Figure 1. Each edge « is labeled with Lg(c).

Definition. Let O4: £ — V x V x R™ such that for each o € £ we have
O4(a) = (s(a), t(a), La(a)).
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1

FIGURE 1. The subdivision graph for Example 1

The map O4 is a one-one assignment. For suppose o, o’ are edges in SJ’? such
that ©4(a) = ©4(c’). Then for each T' € T; there exists a unique 7% € T, such
that

d(T%) = ¢d(T) + Lg(c).
Similarly, there is a unique T € <, such that
d(T*) = $d(T) + La(o).

But Lg(e) = La(e/) and T*, T* € ¥,. So T® = T. But edges in &; refer to
distinct ¥ tiles in ¢T so a = /. We find for each triple (v}, vy, z) € ©4(E) thereis a
unique o € & such that Og(a) = (v;, vk, x). In this case we write 0" (v, vg, ) = a.

In [17] and [10] the tiles in a self similar tiling are assigned control points. The
control points reflect the similarity properties of the tiling. By considering all ¢-
preimages of control points one may recover the tiling. By studying the behavior
of control points under the map ¢, Thurston and Kenyon are able to analyze the
expansive maps associated to self similar tilings in terms of their eigenvalues.

There are many ways to define control points. For the purpose of generality we
will want our definition to apply to any subdividing tiling. We begin by defining a
tile map for ¥.

Definition. A map v: € — ¥ is a tile map for T if for each 7' € T, j € J and
for each g € G such that T+ g € T; we have v(T') C ¢T and v(T'+ g) = v(T') + ¢g.

We construct a tile map for T by fixing one tile T; € T; for each j € J and
defining v(7Tj) to be some tile in T contained in ¢(T;). For each Tj; + g € T; let
Y(Tj + g) = v(T;) + ¢g. Note that for each k > 0

¢~ "AMT) C T
Since ¢ is expansive,
oo
() ¢ ")
k=0
is a decreasing intersection of compact sets with diameters tending to 0. Hence

there exists a unique point ¢(7T") contained in this intersection. We call ¢(T") a
control point for T" and ¢(%) the set of control points for ¥ induced by 7.
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Proposition 1.3. Let ¢: ¥ — X be the map which assigns to each T € T the
unique point

{e(D)} = ¢~ D).
k=0

(1) If T € , then ¢c(T) = c(y(T)).
(2) IfT! € T, and T? € T, then

T+ o(T?) — o(T) = T
Corollary 1.4. IfT',T? € T;, then ¢(T") = ¢(T?) if and only if T* = T?.

Note that if T, T? € T; and T" + g = T2, then ¢(T") 4+ g = ¢(T?). So ¢(%) is a
set of positional points for €. Since ¢ depends only on ~y, we call L = L. the label
map induced by ~. Similarly, we let ® = ©. be the one-one assignment

O(a) = (s(a), t(e), L(@))

for each edge o € £. The vectors which label the edges in I' according to the label
map L provide a set of digits for a numeration system of X. The balance of this
section demonstrates how this is done.

Let x € T° € T, jo € J. For each k > 1 inductively define T% to be some tile
such that (bkx € T* C ¢T*~ 1. Then {¢_kT’“}z°:0 is a decreasing sequence of com-
pact subsets with diameters tending to 0 and «x is the unique point in ﬂzozo qﬁ_ka.
We say that {T’“}i":0 converges to the point x.

Theorem 1.5. Let ¥ be a subdividing tiling of X with expansion map ¢ and tile
type partition {T;}jcs. Let T' be the subdivision graph for T and c¢(%) a set of
control points for T. For p-almost every x € X there is a unique sequence of tiles
converging to x. If T has a finite number of local patterns, then there is a uniform
bound on the number of sequences of tiles converging to x.

Suppose that {T*}3°, is a sequence of tiles converging to x. Let ji, be the element
of J such that T* € T, for each k > 0. We have

(1) x=c(T%) + Y ¢ (e(T) — ge(TH)).
k=1
Moreover there exists a unique path {nk};":l in I' defined by
77k = 6_1(1}%4 » Ujige» C(Tk) - ¢C(Tk_1))
and

(2) z=c(T)+Y ¢ "Ln").
k=1

Conversely, suppose n = {n¥}32, is a path in T with source v;, and x € T® € T,
such that

v =c(T%) +Y ¢~ L")
k=1
and for each k > 1

@(nk) = (Ujk—l » Vg s L(ﬂk))~
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Then there is a unique sequence of tiles {Tk}zozo converging to x such that T* € in
and

o(T%) = ¢e(T*1) + L(n")
for each k > 1.

Proof. Let x € X. By the above discussion we may inductively define some sequence
of tiles {T%}2° , which converges to z. Suppose that {T7}° ) and {T45}7, are two
distinct sequences of tiles which converge to x. For some minimal N > 1 we have
N e TN N T and TN # T, Since TN ¢ ¢"TN, i € {1,2}, we have
TlN‘HC #* T2N+k for all £k > 0. Hence ¢N+kx € 0% for all k > 0. By Proposition 1.1,
w(0F) = 0. Since ¢ is a linear map, u(Up—, ¢_k8§) = 0. Hence for p-almost every
x € X there is a unique sequence of tiles converging to z. In any case the number
of distinct sequences of tiles converging to = is bounded by the number of tiles in
% which may share a point in common. If ¥ has a finite number of local patterns,
then there exists a uniform bound on this number.

Suppose {Tk}ZO:O converges to x and T* € Zier Jk € J. Let D be the maximum
diameter of any tile. Since z € T°, we have

|z —c(T°) < D.
Similarly for each N > 1, we have ¢V 2 € TV so
[Nz — N e(T0) — Sy SN F(e(TF) — ge(TF )| = ¢V 2 — o(TN)| < D.

Recall that, for each y € R™, we have ||¢Ny|| < o=V ||y]|, so
lz = e(T%) =Y~ ¢~ (eT*) = ge(T* 1)) < 0™V D.
k=1

Letting N tend to infinity we obtain Equation (1).

For each k > 1 we have T* C ¢T"*~! so there exists an edge n* € 55:71 such
that n* = O~ L(v;,_,,vj,,c(T*) — gc(TF1)). Since t(n*) = s(n**+1) for each k > 1,
the sequence {n*}2°, is a path in I' with source s(n') = v;,. The map ot
is well defined so {#*}2, is uniquely defined by {T*}2° . Finally, we replace
c(T*) — ¢pe(T*=1) with L(n*) in (1) to obtain (2).

Suppose now that n = {nk}z‘;l is a path in I" with source v;, and x € T° such
that

z=c(T%)+> ¢ "L(n")

k=1

and
9(77k) = (Ujk—l ) Vg L(ﬂk))~

We apply induction on k to construct {T%}2°,. Since O(n') = (vj,,vj,, L(nY)),
there exists a unique tile 7' C ¢TY such that T € T, and

o(T) = ¢e(T°) + L(n*).
Suppose that TN c ¢TVN=1, TN ¢ %, and

o(T™) = ¢e(TVY) + L(n™).
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Since O(nN ) = (vjy,Vjn s LNV T)) there is a unique tile 7Nt € ¢T™ such
that TN+ € T, ., and

N+1

(TN = pe(T™) + L™ ).

In this way we construct a unique sequence of tiles {Tk}zozl. Since

A oo
k=0

is a decreasing intersection of compact sets with diameters tending to 0, there exists
a unique point y € ¢~ *T* for all k > 0 such that {75} converges to y. By the
first part of the argument

y = T+ ¢~ AT") = ge(T"))
k=1

= ¢(T% + Z¢_kL(nk) =z

k=1

Corollary 1.6. Let j € J and T € ;. Then
T—¢T)= {Z ¢ FL(n®): {n*}52, is a path in T with source v;}.
k=1

Corollary 1.7. If T has a finite number of local patterns, then there exists a uni-
form bound on the number of paths {n*}%2, in T for which x =Y po, o " L"),
forallz € X.

Corollary 1.8. Suppose n = {n*}M, and e = {*})L, are two paths in T with the
same source vj, and target vj, . Then

M M
D o7EL") =) o7 ()
k=1 k=1

if and only if n* = €* for each 1 < k < M.

Example 4. Let T be the tiling of X in Example 1. If 2 € Z[\] and Ta+x € Ta,
then

O(Ta +x) = (TA—I—)\CC)U (Ts+ 1+ Ax).
Define y(Ta +2) =Ta + Az. If y € Z[\] and T + y € Tg, then
o(Ts +y) =Ta + \y.

Define v(Tg + y) = Ta + Ay. It follows that ¢(Ta +z) = z and ¢(Tg +y) = y. So
the set of left endpoints of the tiles in ¥ form a set of control points. By examining
Figure 1 we see that every x € T'a has a representation of the form

=Y ALY
k=1

where L(n*) € {0,1} and L(n*) + L(n**1) € {0,1} for all k > 1.

Definition. A generator for ¥ is any tile which contains the origin.



NUMERATION SYSTEMS AND MARKOVKOV PARTITIONS 3325

Theorem 1.5 says that every x € X may be expressed as the sum of a control
point and a series in powers of ¢. Let x € X. Since ¢ is expansive, there exists NV
sufficiently large so that o Nz belongs to a generator. Suppose pNreT e <5,
for some generator T' and j € J. If ¢(T) = 0, then there is a path {n¥}3°, in T
with source v; such that

o0

r=>Y ¢V L.
k=1
Renumbering the path we have

r= Y ¢ "L

k=1-N

We call this expression a digit expansion for z in powers of ¢ (with digits labeling
a path in T'). One can check that every x € X has a digit expansion in powers of ¢
if and only if every generator has 0 as its control point. In this case Corollary 1.4
says that distinct generators must have different tile types.

Conversely, suppose that distinct generators have different tile types. We define
a tile map which assigns each generator T the unique generator contained in its
image ¢T'. Then the control point for each generator will be 0 and each = € X will
have a digit expansion in powers of ¢. We call a tile map which maps generators
to generators a generating tile map.

From the above discussion we see that the choice of tile type partition for ¥ is
not an arbitrary one. If T is a subdividing tiling with certain properties, then if we
say that {T;},cs is a tile type partition for T we implicitly mean that ¥ has those
properties with the tile type partition {¥,};cs. Not every partition of ¥ which
is consistent with the definition for G-finite tilings will preserve the subdividing
properties of €. Moreover, if we wish to use the tiling to express elements of
X using digit expansions, then we must choose a partition which assigns distinct
generators different tile types.

One way to construct a new tile type partition for ¥ is to perform an insplitting
of its subdivision graph. This will define subdivision rules for ¥ in terms of a new
tile type partition which gives ¥ the same subdivision properties as it had with the
original partition. Insplitting as a technique used in symbolic dynamics is described
in [13]. We give a detailed description of its application to self similar tilings in the
Appendix. For now we will illustrate how it works with an example.

Example 5. Let X = R? and I? be the unit square in R? with vertices (0,0),
(1,0), (1,1), and (0,1). Let
T={I’+2:2€2%;

then T is a Z-finite tiling of X. Since every tile in ¥ is a Z*-translate of I2, we let
T have one tile type T;. Let ¢: R? — R? be dilation by a factor of 2. We see that

G(I*) =T U (I* 4 (1,0)) U (I* + (1,1)) U (I* + (0, 1)).

So ¥ is a subdividing tiling with expansion map ¢ and tile type partition {%;}.
Define v: ¥ — T by ~(I?) = I?. Then for all z € Z*, v(I? + z) = I? + ¢z. We find
c(I? + z) = z. The subdivision graph I for T is in Figure 2. Each edge « is labeled
with L(«) where L is the label map induced by ~.
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FIGURE 2. The subdivision graph for the tiling of the plane by unit squares.

Consider the tiling consisting of the tiles {¢I? + ¢z : z € Z?}. Each tile ¢I? + ¢z
is the union of four tiles of the form I% + ¢z + (x,y) where (z,y) labels an edge of
the subdivision graph, I'. Let

T, ={I?+ (z,y): 2,y € Z, and x +y is even}
and

T, ={I*+ (z,y): 2,y € Z, and z + y is odd}.
The collection {‘il, QQ} forms a tile type partition for ¥ which preserves the subdi-
viding properties of €. The new subdivision graph for ¥ is shown in Figure 3. Note
how the edges from the single vertex on the original graph split into two sets and
then are copied for each of the two new vertices. This is a single insplitting of the

graph. If we color the tiles in ‘il white and the tiles in §2 red, then ¥ looks like an
infinite checkerboard sitting on R

(0,0)

(1,1)
(0,0 m (1,0)
DD
(0.1)

FIGURE 3. The subdivision graph for the checkerboard tiling of the plane.

Proposition 1.9. Let j € J and let Ty and T be distinct tiles in T ;. There exists
a partition of T; into two sets (ijl and ‘i'jz such that
{Ter ke - {GHU{T,,,%;,}

is a tile type partition for ¥ which preserves the subdividing properties of €. More-
over Ty € Sjl and Ty € Sh.
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Proof. Please refer to the appendix. O

By a finite number of applications of Proposition 1.9 we assume that the tile
type partition chosen for ¥ assigns distinct generators different tile types and that
v is a generating tile map. In particular we index the set of generators with a subset
Jo C J. That is, we let {T}},c; be the set of generators for T, such that T; € T,
for each j € Jy. It follows immediately from Theorem 1.5 that:

Proposition 1.10. For all z € X there exists a path {n*}$2_\ with source in
{vj};es, such that L(n=N)#0 and

r= Y ¢ FL(n").
k=—N

For Lebesgue almost every x € X there is a unique such path. If ¥ has a finite
number of local patterns, then for all x € X there is a uniform bound on the
number of such paths which give this representation.

We will refer to this collection of representations as a numeration system for X
in powers of ¢. Let ¢(%;) denote the set of control points for tiles in ;.

Corollary 1.11. For each j € J,

0
%) = | Z O FLMF): {nFY0__y is a path in T
k=—N

with source in {v} e and target v;}.

Proposition 1.12. If T is mizing, then there exists a generating tile map v and
ko > 0 such that, for all k > ko and T € T, the tile ¥*(T) has the same tile type as
a generator and c(T) € G.

Proof. Suppose that ¥ is mixing. Then for each j € J there exists a minimal N;
such that if T € T, then ¢ T contains a tile of the same type as a generator. Let
J1 C J—Jp such that for each j € Ji, N; = 1. Inductively define Jys C J—Ui]\ial J;
such that for each j € Jys, Nj = M. Since J is a finite set, the number of nonempty
Jur is finite. We define a generating tile map so that for each M if T' € %; ,
J1 € Jur, then v(T') € Tj,, jo € Jy—1. It follows that, for some kg > 0 and every
T € T, v*(T), k > ky, is a tile of the same type as some generator Ty. Moreover
c(Y*(T)) = (" (T)) = e(To) € G, 50 ¢(T) = ¢ "e(y*(T)) € $7"G = G. O

2. PERIODIC TILINGS OF R™

In this section we construct the n-dimensional crinkly tin cans which will ulti-
mately serve as building blocks for Markov partitions. Let ¢ be a hyperbolic linear
automorphism on R™ with matrix representation in GL(n,Z) and characteristic
polynomial x4 irreducible over Z. The map ¢ induces a hyperbolic automorphism
55 on R™ mod Z™".

The irreducibility of x4 implies that x4 has no repeated zeroes and hence ¢ is
diagonalizable. Since ¢ is hyperbolic, we may order the eigenvalues for ¢ as {A;}7
such that

IN1] < A2) <Al < T< A gg] <A
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There is a ¢-invariant decomposition of R™ into spaces E,; and FE, such that the
eigenvalues for ¢|p, are {\;}!_, and the eigenvalues for ¢|g, are {\;}?,,,. The
space F, is the stable eigenspace for ¢ and the space FE, is the unstable
eigenspace for ¢. Note that ¢|;;Sl and ¢|g, are both expansive maps. Hence
as in Section 1 we adapt a norm for R™ which reflects the expansive properties of

¢|Esl and ¢|Eu'
Choose ¢ and ( so that

1< o <min{[A;7"] 1]} and ¢ > max{[A,], AT}
As in [12] we define a norm || - || for R™ such that for each « € E, we have
lz]| < ellz]l < o™ 2]l < ¢l
and
¢zl < llgall < o Hlxl < [l
Likewise if = € E,, then
[zl < ollz]| < [l¢z| < ¢z
and
¢Hlzll < llo™ 2l < o7 Hlell < .

We give R", Ey, and F,, the topologies induced by the norm || - ||.

Since x4 is irreducible over Z, there is no ¢-invariant subspace of R™ which
intersects Z™ — {0}. Let w: R™ — E be projection along E,, to Es. Let m,: R" —
E,, be projection along Es to E,. Then mg|y» and m,|z» are bijective Z-linear
maps. Let {,: m(Z") — Z™ by Cu(mu(2)) = z. Let ps: my(Z") — 7s(Z™) by
ps(my(2)) = —ms(2). We note that ¢, and ps are bijective Z-linear maps which are
related by

ps(x) =T — CU(ZE)

for each x € m, (Z™).

Let X, be a subset of E, = R™! which is the closure of its interior. We will
make the following assumptions about X,,.

e X, mod Z™ is dense in R™ mod Z".

Suppose that T is a m, (Z")-finite self similar tiling of X,, with expansive map ¢
and tile type partition {¥;};c;. We assume that distinct generators have different
tile types. We apply Proposition 1.12 and let v: € — ¥ be a generating tile map
so that ¢(¥) C 7, (Z"). Let T" be the subdivision graph for ¥ with vertices indexed
by J and edge set €. Let {T}},c;, be the set of generators for T.

If j € Jy and x € T}, then z has a digit expansion z = > -, qS_kL(nk) for
some path {7*}2° | with source v;. There exists a unique generator 7; , such that
¢ M(x) € ¢ N(Ty) C Tj ., and Tj , € %, ,. Inductively define for each N > 1 the
generator T, € ¥;_ . to be the unique tile containing ¢~ (T}). For each k < 0
define

77k = 9_1(1)]%71 » Vg s O)
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Then {n*}2°___ is a path in I' for which

r= > ¢ L")

k=—o0

— 00

Note that for every such path {n¥}2° | the extension {nF}2° ___ is uniquely defined.
Definition. For each j € J let
S; = {n={n"},cp: mis a path in I with ¢(n°) = v; and such that there
exists N > 0 for which s(n*) € {v;};ey, for all k < —N }.

Proposition 2.1. For each j € J and x € T; there exists a path n € S; such that
T=) ey ¢~ "L(n*). For Lebesque almost every x there is a unique such path. For
all x € X,, there is a uniform bound on the number of such paths.

Proof. This follows immediately from Proposition 1.10. O

Corollary 2.2. For each j € J

0
o(T;) = { > T LM): {nfen € SJ}.

k=—o0

Definition. For each j € J let €2, ; be the subset of R" given by

Quy= |J (T = CuelT)).

TeT;
Since ps(c(T)) = ¢(T) — Cuc(T), we have
T = CuelT) = pc(T) & (T — o(T))
where ps¢(T) € Es and T — ¢(T) C E,,. It follows from Corollary 2.2 that
0 oo
Q) = { > 67 o L) +> 6T LMY {nF hher € Sj} :
k=1

k=—o0

Since & is finite, if z € £, ; and n € §; such that

0 [e'S)
=Y ¢ p L)+ 67" L),
k=1

k=—o0
then
0 0o
Izl < > Ml L)+ e FIILMmb)l|
k=—0o0 k=1
S Ty max{[|psL(e)|], [ L(a)]|: a € E}.

So Q,_; is bounded.

Definition. e For each j € J, let Q; = Clos(£2, ;).
o Let Qu = UjGJ Qu7j.
e Let 2 = Clos(£2,).
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Since €, is bounded, Q2 is a compact set. Since X, mod Z" = Q, mod Z" and
X, mod Z" is dense in R™ mod Z", we have that

) mod Z™ = R™ mod Z".
Hence
U @+2)=r"
ZGZ’H

It turns out that under special circumstances the collection
{Q+2:2€2"}

forms a periodic tiling of R™. This is the first step in constructing a Markov
partition for ¢ mod Z".

We begin by taking advantage of a lot of foreknowledge and discuss the shift
of finite type which will eventually represent the hyperbolic toral automorphism
induced by ¢.

Definition. If I' is a graph with edge set &£, then the graph shift ¥r is the shift
of finite type over the alphabet £ specified by

¥p= {17 ={n*}pez € g% nis a path in F} .
The shift operator, or: ¥r — X, is defined for each n € ¥r and k € Z so that
orn® =,
We define a metric dr on ¥p such that if n, ¢ € ¥ and k € Z, then

1
dF(nae) = 1+ |]€|

if |k| is minimal such that n* # ¢*. We give ¥ the topology induced by the metric
dr. In this topology Xr is compact and or is a homeomorphism.

For each o € £ and i € Z define
Ci(a) ={neXr:n" =a}.
Note that C;(a) = or~*Cp(a). For each finite path {n*} . in T define

N+M
OO(U_NTI_N+1 . -WM) _ ﬂ Ok(W_N+k)
k=0

and for each i € Z

Ciln Ny N+ M) = op o (N =N+ M),
We call the set C;(n=" ...n") a cylinder set in ¥r. The cylinder sets are both
open and compact in the topology of Xr.

Let ¥p be the graph shift induced by the subdivision graph I' for €. For each
jeJlet

S;={nesr:tn°) =v,}.

sr=J S

JjeJ

Note that

where this is a disjoint union and S; is compact in .
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Definition. Define ¢: Xp — R"™ for € ¥ by

0 oo
)= D ¢ p L")+ 6T L"),
k=1

k=—oc0

One can check that 1 is well defined for each n € Xr.

Suppose 1 and € are elements of Xp and N € Z such that

dF(’?aﬁ) < Tm;
then
_N IS
[ =v@l < 30 167 (L) = LEDI + 3 167 (L) = L)
k=00 k=N
-N
< 125 = max{||psL()||, || L(2)]||: a € E}.

Hence v is a uniformly continuous map from ¥r to R”. Note that ¢/(S;) = Q. ;.
Proposition 2.3. For each j € J, S; is dense in S'j and w(gj) =Q;.
Proof. Let j € J and n € S;. For each k € Z suppose

(") = (Vi viu, L(1")).

For each N > 0 fix ey € S;_, and for each k € Z define o™ = ¢k for k < 0, and
N =nFN for k > 0. Then ny = {W]fv}kez € S; and

< —.
dr(ny,n) < TN

It follows that S; = Clos(S;).

Since S is compact in ¥ and ¢ is continuous, 1(S;) is a compact subset of R".
Since S; is dense in S}, Q, ; = ¥(S;) is dense in ¥(S;). Hence ; = ¢(S5;). O

Corollary 2.4. The set UjeJ S; is dense in Xr and
Y(Xrp) = Q.
Proposition 2.5. For alln € Xr and N > 0 we have

N
dlor™Nn) = eNv(n) — oY ¢ G L(n")
k=1

and
0
wlor ™M) =™ Mm) + 6™ D 6THGWL0Y).
k=1-N
Proof. This follows from the definitions and lots of reindexing. O

Proposition 2.6. (1) For each ) € S; there exists j € S; such that msh(n) =
V(1) € Q; N Eg and L(7*) =0 for k > 1.
(2) o2 C 72 = QN E;.

Proof. To prove (1) just note that every vertex is the source of a path labeled only
with 0. Part (2) follows from (1). O
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Proposition 2.7. The map v is boundedly finite to one.

Proof. Let x € Q and {n;};,c; C ¢! (x) for some finite indexing set I. Without
loss of generality we may assume that the paths 7; and 7;; are distinct for each pair
of distinct 4, i’ € I. Hence there exists NV > 0 such that the paths

{77?}202_1\7 and {m’?};’i_N

are distinct for all 7 # 4’
Since () is compact in R™, there exists a finite collection of z € Z" such that

QN (Q+2) #0.

Hence there exists a bound by such that for all y € Q the number of points in y+Z"
belonging to €2 is less than or equal to b;. By Proposition 2.5 for each ¢ € T

0
¢ N4V YT 6T G LE) = w(or TN ) € Q.

k=—N
So for each i # ¢’ in I there exists z € Z™ such that

Ylor N ) = Y(or N ) + 2.

Hence the number of distinct points in {¢(or =" "11;)},.; is less than or equal to
bi. Let y € {¢)(or™"'n;)};c;. Then for some i

mu(y) =Y ¢ Lior N "f).
k=1

By Corollary 1.7 there is a bound b on the number of paths which give a representa-
tion for m, (y). Hence the number of elements of {or =" ~'1,},.; which are mapped
by v to the same point is less than or equal to b. It follows that |I| < b;b. Since
{ni}icr was an arbitrary finite subset of 1»~!(z) and since x was arbitrary in €2, we
have that |1~ " (x)| < byb for all z € Q. O

If {Q+ z:z€Z"} is a tiling of R”, then we will think of 2 as representing the
n-dimensional torus. We let II be the quotient map from R” to R™ mod Z" and
study the map

IMoy: (Xr,or) — (I, o ¢).
The goal of the remainder of this section is to demonstrate what is needed to check
in order to determine if {Q + z: z € Z™} is indeed a tiling of R™.
Definition. A finite collection of compact sets {C1,Cs,...,Cr} in R™ induces a
periodic tiling of R™ mod Z" if

(1) (UL, C:) mod Z" = R” mod 27,
(2) each C; is the closure of its interior, and
(3) for all z € Z™ if

(Ci + z) NInt(C)) # 0,
then z =0 and 7 = j.

Proposition 2.8. (1) For each j € J, m5(2;) is the closure of its interior.
(2) For each j € J, Q; is the closure of its interior.
(3) Q is the closure of its interior and 7s(§Y) is the closure of its interior.
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Proof. Since
U Ujes(9+2) =R"
zeL™
we apply the Baire category theorem. That is, for some j € J we have that €2; has
non-empty interior. But
Q) = ms(Qy) & (T = e(T))

for any T € T;, so ; has non-empty interior if and only if 7,(€2;) has non-empty
interior. It follows that by showing (1) we immediately get (2). For each j' € J,
let Ujs = Int(ms€2;:). By the above remarks U; # (). By Proposition 2.6 for each
x € Uj there exists 7, € S; such that ¢(n,) = z and L(n¥) =0 for k > 1. Since T
is mixing, for each j' € J there exists a path {e*}_ in T such that s(e!) = j and
t(eV) = 4. Let € € S; be defined so that

ek = 77]; for k <0,

e =k for 1 <k < N, and

LE*) =0 for k > N.

Then

P(or™e)

N
N (@) — ¢ > o CL(e"
k=1

Z Qb pL k+N +Z¢ kL k+N)

k=—0o0 k=1
-N 0
= > ¢ L)+ > ¢ pL(eFN)

k=—o0 k=1-N

k=1-N

Since t(e™) = vj, we have ¥ (or™Ve) € 75Q;,. Since z was arbitrary in Uj,

0
VU + > ¢ p (M) c Uy

k=1-N

So Ujr # 0 for all j' € J.
Let Tj, be a generator for €. Then there is a unique generator 7}, for T such
that

Ty, = ~(T5,).
For each N let T}, be the unique generator for ¥ such that
Tjo = PYN(TJ'N)'
Then for T' € %;,,, we have that ¢" ¢(T) = ¢c(vNT) € ¢(Z,). Hence

U "y c U
N=0
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Since ¢|;351 is expansive, 0 belongs to the closure of Uj,. Since T}, was an arbitrary
generator for ¥, for all generators T € T;, we have that 0 belongs to the closure
of Uj .

Let j € Jand T € T;. Then for some generator T}, there exists an N > 0 such
that T' C QSNTjO in which case

e(T) = o™ e(Ty,) + (T).
So for all T € T,
N e(T') + ¢(T) € ¢(%;).
Hence ¢ Uj, + psc(T) C U;. Since 0 belongs to the closure of ¢™ Uj, we have that
psc(T') belongs to the closure of U;. But T was arbitrary in ¥; and
s = Clos{psc(T): T € T,}.

Hence 758; C Clos(U;). This proves (1) and (2).
Finally we note that Q = UjeJ Q; and 7,0 = UjeJ 7s€2;. Since both unions are
finite, we obtain (3). O

Theorem 2.9. The collection {€;},cs induces a periodic tiling of R™ mod Z™ if
and only if for all z € Z" and j € J such that X, — z N Int(Q;) # 0 we have that
z € Gue(%5).

Proof. Suppose the sets €2; do induce a periodic tiling of R™ mod Z". Let z € Z"
and suppose X, — z N Int(2;) # 0 for some j € J. Then for some j' € J and T in
% ;s we have that

(T — z) NInt(2;) # 0.
Since T' € T/, we have that
(T - CuC(T)) - Qj/.
Moreover,
(T' = Gue(T) + (Cue(T) — 2)) NInt (L) # 0
SO
(€ + (Cue(T) = 2)) N Int(2;) # 0.

By our hypothesis we have (,c¢(T) = z and j = j'. Hence z € (,c(%T;).
Conversely, suppose X, — z NInt(£2;) # 0 implies that z € (,¢(T;). Let z € Z"
and j, k € J and suppose that

(Qj + 2) NInt(Qy) # 0.

Since €, ; is dense in §2; for some 7' € T;, we have that
(T — Cue(T) + z) N Int(Q) # 0.
Since T is the closure of its interior, we have
(Int(T") — Cue(T) + 2) N Int(Qy) # 0.

By the hypothesis (,¢(T) — z € (,c(Tk). Hence for some T € T we have

Cue(T") = Cue(T) — .
Moreover,

(Int(T") — Cuc(T) + 2) N (T = Cue(T")) # 0.
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Hence Int(T)NT’' £ 0. So T =T’ and (,c(T) = Cue(T’). Tt follows that j = k and
z = 0. |

In general Theorem 2.9 may or may not be useful to check if we have a periodic
tiling of R™ mod Z". The set X,, may not be connected so just checking if

Xy — 2N Int(Q;) #0

may be difficult. Fortunately, the tilings that we will be interested in have a bit
more structure.

Definition. If {€2;},.; yields a periodic tiling of R" mod Z", then we will call T
a Markov tiling.

The self similar tilings that we will be using to construct Markov partitions will
be Markov tilings. In general the tiled space X, will be a semigroup. When X, is
a semigroup, we can determine if {Q;},. ; induces a periodic tiling by considering
the lattice points in Z™ which are close to X,.

Definition. Let Py be the union of the generators for . Let [Py be the set of
7 (Z™)-translates of Py which have the same pattern as Py.

If Py + g € [Py, then each tile in Py 4 g is of the same type as a generator.
Moreover each tile in Py + g has g as its control point. For each P € [Fy] let ¢(P)
denote this control point, so that Py 4+ ¢(P) = P. Let ¢[Py] denote the set of all
such control points. It turns out that if the elements of Z™ which project onto ¢[Py]
include all the elements of Z™ within a certain bounded region of X, then we have
a periodic tiling.

Definition. Let
X, =] ¢ "m0
k=0

Since w2 = {22:_00 ¢ "psL(n*): n € p}, we have

M
X, = { > ¢7FpL(nf):nerr, Me Z} :

k=—o0

Note that ¢ X, = X, and X is the closure of its interior.

Lemma 2.10. For every M € 7Z there exists N € Z such that if n € X¥r, M’ € Z,
and

M/
Z ¢_szL(77k) € Q/)Nﬂ'sQa

k=—c0

then M' < M.

Proof. Let n € ¥r and M’ € Z. Suppose

M/
x = Z o FpsL(n*) € m Q.

k=—oc0
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We wish to find a bound M independent of x such that M’ < M. Clearly M > 0.
Assume that M’ > 0 and let z = Zi\il ¢~ "¢, L(n*), then

0 M’

r= > ¢ Fp L)+ > ¢ p L") € Q- 2.
k=—o0 k=1

By an application of Corollary 1.10 there is a bound on the number of finite paths

in I given by {n*}rer such that m,(2) = 3, ., ¢ FL(n¥). Let M, = max;{i € I}.

Since 2 is compact, there are at most a finite number of lattice points z € Z™ such

that

(Q—2)NmQ £ 0.

Let My = max{M,: z € Z", (Q — z) N 7,Q # 0}; then M’ < My and M, is
independent of z. We find for all N € Z if z € ¢ 7,Q, then M’ < My — N. Let
N=My— M. O

Lemma 2.11. For each N >0, ¢™ c[Py] C ¢[Py).
Theorem 2.12. Suppose that X,, is a semigroup and for all
ze€ =X X, NZ"
there exists N > 0 such that ¢~ z € Cuc[Po]. Then T is a Markov tiling.

What this theorem essentially says is that if every translate of 2 by a lattice
point in Z™ which is close to X, intersects X, in a set with the same pattern as
Py, then we have a periodic tiling of R™ mod Z™. It turns out that many tilings
are constructed with this property built in. So checking if we have a Markov tiling
becomes trivial. We will prove Theorem 2.12 at the end of this section.

Corollary 2.13. Suppose that X, is a semigroup and T has only one generator.
If for all z € =X, ® X, NZ"™ we have z € U,?;O d)_kcuc(f), then ¥ is a Markov
tiling.

Good examples of Markov tilings may be found by studying the §-shift, for G a
Pisot number. We say that § is a Pisot number if § is an algebraic integer greater
than 1 with Galois conjugates all having modulus less than 1. It is well known that
there is a one-sided shift space which behaves like multiplication times § mod 1.
Define Tg: [0,1) — [0,1) by

Ty(x) = P — [Bz],

where [8z] denotes the greatest integer less than or equal to Bx. For each = € [0,1)
there is a well defined digit representation

T = i B b
k=1

where

b = [ﬁTﬁk_lx].
We call this the (-expansion of z. Moreover there is a sequence denoted by
carry(f) = ajasas... such that for all z the corresponding sequence b1babs . ..
is lexicographically less than ajasasz.... We say {by}32, is lexicographically less

than {ax}g2, if for some N > 0 we have by, = ay, for all k < N and by < an. (If
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N =0, then by < a1.) We call carry(3) the carry sequence for § as in [17] and note
that carry(8) works for numbers in base [ just as the sequence 999999 - - - works
for numbers in base 10. In particular

1= iﬂ_kak.
k=1

To find carry(5) we let a1 be the greatest integer strictly less than 3. Let as be the
greatest integer strictly less than (8 — a1). Let a; be the greatest integer strictly
less than 8° — 22;11 B "*ay. Since f is Pisot, carry((3) is an eventually repeating
sequence which has an infinite number of non-zero entries.

The (-shift X3 is the set of sequences in {0, 1, .. ., [5]} which are lexicographically
less than or equal to carry(83). The shift operator is the one-sided shift og such
that

O'ﬁ(blbgbg .. ) = b2b3b4 e
Let z € [0,1) and let {bx}3°, € X such that

z=> B b
k=1
Then

Br=br+ Y B b

k=1

If {bg+1}52, is lexicographically less than carry(53), then we have

Tgx = Zﬁ_kbk_,_l.
k=1

Otherwise we have Ziozl B_kbk+1 =1 and Bz = b; + 1. In this case Tgz = 0.

Suppose [ is a Pisot unit. That is, the product of 3 and its Galois conjugates is
1. Suppose Z[G] has dimension n. Let ¢ € GL(n,Z) be the companion matrix with
characteristic polynomial equal to the minimal polynomial for 3. Then ¢ induces
a hyperbolic automorphism of R™ mod Z™. Let e be a unit vector in Z"™. Then
Z|ple = Z™. Let e, = mye; then E, = Re,. We construct a self similar tiling T of
Xy =1[0,00)e,. If

carry(8) = a1az . .. ag(ags1 - - - agip)

(where (@g+1 ... aq4p) is the repeating part), then ¥ will have ¢ + p sets in the tile
type partition denoted by ¥;, j € {1,2,3,...,¢+ p}. Let T1 be the line segment
of E, with endpoints 0 and e,. Let T} € ¥;. Then ¢T7 = (1) has endpoints 0
and fBe,. Let Ty + ke, € % for k € {0,1,2,3,...,a1 — 1}. Let [a1, Ble, € Ta. Let
TQ = [O,ﬁ—al]eu. Then T2—|—a1 S TQ. We have ¢(T2+CL1) = ﬂTQ—Fﬂ&l = [alﬂ, ﬂ2]6u.
Since as is the greatest integer less than 5% — Bay, we let

T+ (a18+ k)e, €%y foreach k €{0,...,a2 — 1}.

We let [a134az, 3%e, € T3. Let Ty = [0, 32 —ay 3—as]e,. We repeat this procedure
for j € {3,4,...,q+ p}. Since carry(3) is eventually repeating, we see that

—1 —1
ﬁq+p_ﬁq+z> a1—---—aq+p=ﬂq—alﬂq — = ay.
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Note
q+p—1
Tyrp = (0,871 = N~ gorrr=i~kg,le,
k=1
and
q+p—1 q+p—1

BTt Y BT R ay) = = Y TRy
k=1 k=1

q—1
= dgtp + 07— Zﬂq_l_kak-
k=1
So if T = [z, yley € Tgyp, then ¢T is subdivided into ag4, tiles in T; and 1 tile in
Tgt+1. Thatis, T1+(pz+k)e, € Ty for k € {0,...,a04p—1} and Typ1+(pz+aq4p) €
(S:q_ll_l.

This defines the subdivision rules for ¥ and the tile types. Since carry(3) has
an infinite number of nonzero terms, every tile in ¥ has an eventual image which
contains a tile in ¥7. Since T is the only generator for ¥, we have that ¥ is mixing.
Since there are a finite number of tile types and line segments may be arranged
in only a finite number of ways in a bounded region of X,, ¥ has a finite number
of local patterns. Moreover, the endpoints of tiles in ¥ lie in Z[G]e,. Hence the
endpoints are the projection of points in Z[ple = Z™. So ¥ is a m,(Z™)-finite self
similar tiling of X, with expansion map ¢. Let v be a generating tile map such
that the left endpoint for each tile is its control point. Then ¢(¥) C 7, (Z™). The
subdivision graph is given in Figure 4. Each edge « is labeled with L(«). Multiple
edges from v; to vy are indicated with a thick arrow and the range of the labels
is given. Since every infinite path in the graph corresponds to an element of the
(B-shift, we’ll call this the subdivision graph for the (-shift.

We are interested to know when ¥ is a Markov tiling. We note that ¥ is certainly
a Markov tiling if every element of Z™ which projects to X, has an eventual image
which projects to a control point for ¥ or, equivalently, if every nonnegative element
of Z[f] has a finite S-expansion.

Frougny and Solomyak have given sufficient conditions for the nonnegative ele-
ments of Z[f] to have finite S-expansions [7]. Let

2 —dia" V= —dyyx—dy,
be the minimal polynomial for 5. If
d12d22"'2dn—12dn:17

then every nonnegative element of Z[3] has a finite 3-expansion. So ¥ is a Markov
tiling. In this case we will show that the two sided extension of the (-shift is a
symbolic representation for ¢ mod Z™".

Let ¢ € GL(n,Z) be a hyperbolic automorphism of R™ with characteristic poly-
nomial x4. Suppose x4 is the minimal polynomial for a Pisot number 8. We apply
the above construction to tile X,, = [0,00)e,, for e, = mue. The tiling T is a
7 (Z™)-finite self similar tiling of X,, with expansion map ¢. If Z[ple = Z™ and
every non-negative element of Z[5] has a finite S-expansion, then ¥ is a Markov
tiling. If every nonnegative element of Z[] has a finite 3-expansion but Z[¢]e # Z",
then ¥ induces a periodic tiling of R™ mod Z[¢]e.
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FIGURE 4. The subdivision graph for the g-shift.

Example 6. Let

— o
OO =

1

o=11

0

Then ¢ has characteristic polynomial 23 — 2 —x — 1. The eigenvalues for ¢ are 1,

X2, A3 where A1 > 1 and Ao = X3 has modulus less than 1. Note that 2% —22—2—1

satisfies the conditions of Frougny and Solomyak’s theorem. Moreover Z[¢]e = Z".

So the corresponding self similar tiling is a Markov tiling. The carry sequence for

A1 is (110). The subdivision graph is given in Figure 5. Each edge « is labeled
with L(a).

The sets 75(21), m5(Q2), 7s(23) which arise out of this tiling coincide with
the basic tiles found by Rauzy in [16]. Also note that ms(21), m5(Q2), m5(Q3)
are translates of the three basic tiles used in Bedford’s construction (see [3]). A
sketch of the sets 01, 09, Q3 is in Figure 6. The angles between the eigenvectors
are distorted so that it is possible to see the rectangles. The bold lines indicate
surfaces in front while the dotted lines indicate surfaces behind. Note that these
really do look like crinkly tin cans.

Suppose now that Z[g]e is not equal to Z™ or that the nonnegative elements of
Z[B] do not always have finite S-expansions. Then we must look for a self similar
tiling different from the tiling given by the §-shift to construct a Markov partition
for ¢ mod R™. One such construction may be found in [15].

At this point we would like to say that every Markov partition consisting of rect-
angles which one finds in the literature may be constructed using self similar tilings.
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F1GURE 5. The subdivision graph for Example 5.3.

(0,1,0)

FIGURE 6. The periodic tiling in Example 5.3.

Unfortunately, things are never as simple as we would like and a more general con-
struction using periodic self similar tilings is required. A complete treatment of the
general case is found in [15].

We will end this section by proving Theorem 2.12.

Proof of Theorem 2.12. Suppose that X, is a semigroup and for all z € (— X @
X,) NZ" there exists N > 0 such that ¢" z € ¢,(c[Py]). We will show that ¥ is a
Markov tiling.
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The first step is to construct an open subset U of X which contains 0 in its
closure such that ¢U C U and if z € (-U & X,,) N Z", then z € (,c[Py]. Suppose
z € (—Xs ® X,) NZ™. By hypothesis m,(z) is the preimage of a control point.
Hence there is a finite path {n*} . in T with source in {v;};e, such that z =
ZQ/[:_N (b_kL(nk). By Lemma 2.10 there exists N1 such that if —74z € (leWSQ,
then M <0 and z € (,c(T). Let T € . By hypothesis there exists Ny such that
¢™?¢(T) € ¢[Py]. Since ¥ has a finite number of local patterns, we may choose Ny
so that for all T € T we have ¢"2¢(T) € ¢[Py]. Hence if —74(2) € ¢™* ™27, Q, then
z € CucPy]. Let U = o™ N27.Q.

The second step is to compensate for the possibility that X, may not be con-
nected. Since ¢|g, is expansive, X, contains arbitrarily large connected compo-
nents. If 7' is a tile, then choose N sufficiently large so that T C ¢~ Py. Then for
all P € [Py], T+ ¢ e(P) is a tile of the same type as T. Moreover T + ¢* ™ ¢(P)
is a tile of the same type as T, for all k£ > 0. By the quasi-periodicity of ¥, each
sufficiently large connected component of X, contains the pattern of ¢~ Py well
within its interior. If C'is a connected component of X,, which contains ¢ P, then
qbkC is a connected component of X,, which contains ¢k+N P. Note that

o(T + ¢*Ne(P)) = o(T) + ¢* N e(P).
It follows that
lpse(T + ¢* N e(P)) = pac(T)|| < 07F V|| psc(P)].

Hence for every tile T there exists a tile 7”7 of the same type as T and contained in
an arbitrarily large connected component of X,. Moreover, by fixing P and letting
k get arbitrarily large, for any ¢ > 0, we may choose T" so that

[lpse(T") = psc(T)|| < 6.
If V is a bounded neighborhood of 2, then we choose T” so that
(Xu — Cue(TH)YNV = (Ey — Cue(TH)N V.

Finally we suppose that ¥ is not a Markov tiling. The basic idea is to show that
if for some distinct pair j, k € J and z € Z™ — {0} we have

Int(;) N Int(Q) + 2z # 0,
then there exists 2z’ € Z™ such that
X — 2N Int(ms(Q)) #0

and 2’ ¢ (,c(T;). We construct a nonempty subset of (— Int(ms(2;)) & X,) NZ"
in which every point is not in (,c(%;). We then use the hypothesis of the theorem
to show that such a set cannot exist.

So suppose for some distinct pair j, k € J and z € Z"™ — {0} we have

(Int(22;) + 2) N Int(Qy) # 0.
Then for some T € ¥}, we have
(T — Cue(T)) N (Int(25) + 2) # 0.
By the above remarks we may choose T' so that

(Xu - CuC(T)) n (QJ + Z) = (Eu - CuC(T)) n (QJ + Z)
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So
(Xu = Gue(T) = 2) N s () = {ms(=Cue(T) — 2)}.
Since
(Xy — Cue(T) — 2) N Int(2) # 0
and Q; is a rectangle,
7s(—Cue(T) — z) € Int(ms(;)) C X,.

Moreover z is within a bounded region of 0. By choosing 1" so that it lies well within
a large connected ball in X, we have ¢(T')+ 7y (2) € X . Also ¢(T)+my(2) ¢ c(%;).
For if not, then ¢(T") + m,(2z) = ¢(T") for some T € T, and

(Xu — Cue(T) — 2) NInt(Q) = Int(T") — Cue(T7).
Hence
(T = GuelT) — 2) 0 (I(T") — CuelT")) £ 9

and TNInt(T") # 0. So T =T"'. But then z =0 and j = k.
It follows that if ¥ is not a Markov tiling, then there exist j € J and z €
(—Xs ® X,) NZ™ such that

(Xy — 2z) NInt(ms () # 0

and z ¢ (uc(T;).

Choose M; sufficiently large so that m,(z) € Int(¢™ Py). Then for all P € [P
we have C,¢™ ¢(P) + 2 ¢ (uc(%;). Hence for all w € (—¢™U @ X,,) NZ", we have
w+z ¢ (ue(F;) and

(3) (6™ U @ Xu) + 2) N ¢ue(T5) = 0.
Since —m4(2) € Int(7,Q;) and 0 € Clos(¢™*U), there exists T” € %; such that
psc(T") € —my(2) + ™ U.
Choose M, sufficiently large so that
T" C ¢,
and so that, for all P € [Py], ¢ ¢(Py) + ¢(T") € ¢(%;) and
po(&Me(P) +o(T")) € (6™ U = 7y(2)) N puc(S5) ) -
Since X,, is a semigroup, and m,(z) € X, we have
Xy + mu(z) C Xy

Since ¥ is quasi-periodic, there exists P € [FPp| such that

M2 P C Xy 4 mu(2).
Hence ¢™2¢(P) + ¢(T") € Xy + mu(2). So

Gu™2e(P) + GuelT") € ((—6™U & X)) +2) N GuelS,)

contradicting equation (3). It follows that z € {,c(%;) and ¥ is a Markov tiling. O
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3. SYMBOLIC REPRESENTATIONS

We have seen that if ¥ is a Markov tiling with expansion map ¢, then we can
wrap ¥ inside R™ mod Z" in such a way that the tiles of the same type form almost
disjoint rectangles {€2;};cs. This is the first step to construct a Markov partition
for ¢ mod Z™. Once we have a Markov partition we will be able to represent the
dynamical system (R™ mod Z", ¢ mod Z") as a shift of finite type. In [1] Adler
and Marcus outline the essential requirements for a symbolic system to represent
an abstract dynamical system. In this final section we review these ideas . We
show that if ¥ is a Markov tiling, then ¢ may be extended to a map from Xr to
R™ mod Z" in such a way that this extension meets the requirements for a symbolic
representation. The following definitions come from [1, pp. 5-6]. We omit most
proofs. Detailed proofs may be found in [15].

Definition. A dynamical system (X, f) is said to be ergodically supported if
there exists an ergodic f-invariant probability measure u, which is positive on open
sets. Such measures are called ergodically supporting. A subset N C X is called
universally null if it has measure zero with respect to all ergodically supporting
measures.

Definition. If (X, f) and (Y, h) are ergodically supported systems and 7 is a map
from Y into X, then 7 is called an almost homeomorphic factor map of Y into
X if

) 7 is onto,
2) 7 is boundedly finite to one,
) 7 is continuous,
) fom=moh,and
) m maps Y — 7~ 1(N) one to one onto X — N for some f invariant universally
null set N.

From now on we assume that ¥ is a Markov tiling of X,. Define II: R* —
R™ mod Z™ to be the quotient map which identifies points in R™ modulo the integer
lattice. Since (2 is a fundamental region for a periodic tiling of R™ mod Z™, a set
U C 1 is open if and only if II7*U N Q is open in the relative topology of Q. Let
¢ : TIQ — TIQ by ¢(Ilz) = [(pz). Let ¢p: Bp — IIQ by ¥ (n) = Mp(n).

(1
(
(3
(4
(5

Theorem 3.1. The map z/AJ is an almost homeomorphic factor map from (Xp,or)
to (I1IQ, ¢).

To prove this we note that the non-doubly transitive points in (TIQ, qAS) form a
universally null set. We construct a partition for II2 which will yield a generating
set for a sigma-algebra on II) which is metrically equivalent to the Borel sigma
algebra. We show that every point whose orbit misses the boundary of this partition
has a unique preimage in Yr. Finally we show that the doubly transitive points
have orbits which miss the boundary of the partition. We call this partition a
Markov partition.

Recall from the last section that v is a continuous surjection from Xp to Q.
Hence IT o0 9 is a continous surjection from Xr to II€.

Lemma 3.2. Forall k € Z
koA R
¢ o =1 oort.
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Proof. This follows from Proposition 2.5. O

Lemma 3.3. 1& 1s boundedly finite to one.
Proof. This follows from Proposition 2.7. O

Proposition 3.4. Suppose N, M > 0 and {n*}. _ is a path in T with source
vj, and target v;, . Then

YC_N N M)

0 M
= <¢N“Qjo -, cb_kCuL(nk)) N <¢—Mﬂh + qu-‘“cuf:(n’“))
k=—N

k=1
0 M
= <ws¢N+1ﬂjo + ) ¢—‘“psL<n’“>> @ (m—Mﬂﬁ +Z¢>—kL(nk)> :
k=—N k=1
and Y(C_n (=N ---nM)) is the closure of its interior.
Proof. This follows from repeated applications of Proposition 2.5. O

This proposition tells us all that we need to know about the t-images of the
cylinder sets. By taking unions of sets of the form C_n(n~ ---n™) we may find
the ¢-image of any cylinder set.

Definition. For each oo € & let R, = ¢¥Cy(a). Let R = {Ry: o € &}, and
IR = {lIR,: a € £}.

By Proposition 3.4, if & € £ and O(«) = (vj,,v;,, L(a)), then
Ro = (¢4, — CGuL(a)) NGy,
= (7‘1’5(]59]‘0 + pSL(a)) S WUle .

Proposition 3.5. (1) For each a € £ the set II(Int(R,)) is dense in Int(IIR,)
and

IR, Clos (II(Int(Ry)))

Clos(Int(I1Ry,)).

(2) IR forms an almost disjoint cover of TI2.

(3) For each a € € and n € Br we have 1 (n) € Int(TIR,,) only if n° = «.

Hence if ¥(n) € I(Int(Ry)), then 1° = a.

It follows from (3) above that if € Q such that, for all k& € Z, Il¢Fz €
II(Int(R,)) for some o € &, then IIx has a unique 1 preimage in Xp. We will
show that the orbit of a doubly transitive point lies in

U Mt (R..)).

a€c&

The natural way to approach this is to consider the boundary of R,,.
Definition. If o € £ and O(«a) = (vjy,vj,, L(a)), then the stable boundary of
R, is
O°Ro = (w5982, + psL(a)) ® Om,Qy,
and the unstable boundary of R, is
0"Ro = (0159, + psL(c)) & 1, .
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If v € Ry = (w508, + psL(a)) ® m, 5, but x ¢ 0°R, UO"R,, then
ms(x) € Int(msdQ, ) + psL(cv)
and
mu(x) € Int(m, 82, ).
Hence z € Int(Ry). So OR, = 0°Rq U0"R,. Let O°R = (J,cg O°Ra and
"R = Upeg "Ra. Then OR = U,ce ORa = "R U J“R. It follows from
the definitions that:

Proposition 3.6. For each a € €
(1) HpO°R, C IIO°R and
(2) ¢~ *0“R, C TIO"R.
Corollary 3.7. Let o € £ and ©(a) = (vj,,vj,, L(a)). Then
(1) ¢Ra - Ua’e 5].1 (Ro/ + CuL(O/));
(2) ¢_1Ra - Ua'e gio Ry — <u¢_1L(a);
(3) ¢~ 'msRa = Unre gio msRar + ps™ L(a),
(4) ¢pmu R = Ua’esh (muRor + L))
where these are almost disjoint unions.

Proof of Theorem 3.1.
~—k
Let M = (U ¢ FOR) = Urez @ TOR. If z € Q and Iz € TIQ — N, then
forall k € Z

O ¢ TIOR.

~k
Hence if yi € Q such that Iy, = ¢ Iz, then yi ¢ OR. So for all k € Z there exists
n* € € such that

&' Tz = Ty, € I(Int(R,1)).

By Proposition 3.5 IIz has a unique ¢ preimage {n*},cz.
-N

Suppose Ilz is doubly transitive. If for some N € Z we have ¢ Ilx € IIOR, then
~N
¢ Tz € II(0°R U IJ*R). Hence by Proposition 3.6 Iz is not doubly transitive. It
follows that the doubly transitive points lie in 112 — 9t and therefore have unique
preimages. Since almost every point is doubly transitive 91 is a universally null set.
Since v is a continuous surjection, with Lemmas 3.2 and 3.3 we have shown that
satisfies the conditions for an almost homeomorphic factor map. O

APPENDIX: INSPLITTING THE TILE TYPES

Insplitting is a procedure which takes a graph I' and generates a new graph r
by splitting one set of edges sharing a common target into multiple sets and giving
each of these sets a distinct target. In terms of the tiling, we will split a tile type
into two or more sets and call each of these new sets a tile type.

If T € %, then there is a unique 7" € ¥ such that ¢~ '(T) C T". If T € F; and
T' € %, then there is a unique edge o(T") € € such that

o(T) = 6_1(v7€7 v;, d(T) — ¢d(T/))'
Note that T € T, if and only if «(T) € &7.
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Let jo € J and split £7° into two sets 90 and £%. Let J = J — {Go} U {4d, 32}
Let T" be the graph with vertex set V indexed by J and edge set € defined as follows.
Suppose « is an edge in £, i € {1,2}, and j, k € J.

o If o € 9 and s(a) = vj,, then let a7, as € & such that
a1 € &% and &3 € 7.
Jo Jo
o If o€ &9 and s(a) = vy, for some k # jo, then let
ac 5,10
e Ifa e Sjl?o for some k # jg, then let a7, as € & such that
a1 € EX and @ € EF,.
Jo Jo
o Ifa e Ej’-“ for some j, k # jo, then let
ae fj’“
This procedure is called a single insplitting of I'" induced by the partition

{Sjé , &g }. From the above construction we may compute a transition matrix for
I', indexed by J x J given by

S
{| j1| J1,J2€J
Let i € {1,2}.
o If j; € {4L, 72} and ja = ji, then
|c€'jj12 =|&;, N &l
° If]l eJ— {j()} and J2 Zj(i), then
S i
|€jf| =&, N&X .
o If j; € {4L, 42} and jo € J — {4jo}, then
£ = kg2
L4 Ifjla jQ S J_ {j()}a then
1= 1€
It follows that if {‘/fj} jej is a tile type partition for € which induces a transi-

tion matrix equal to the transition matrix for f, then T is the subdivision graph
corresponding to T with the partition {@ }jef'

Suppose T and T2 are distinct tiles in T, such that «(T?) # a(T?). There
exists a partition of £9 into two sets £ and &% such that o(T!) € &% and
a(T?) € £33, Let T be the graph obtained for I' by applying the insplitting rule
using this partition. Let & be the new edge set and J = J — {jo} U {4, s} index
the new vertex set as in the rule.

For each « € £ there exists a corresponding edge or pair of edges in EIfae EJ’-“

and k # jg, then the corresponding edges in & have target vg. If o € Sjé, then the
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corresponding edge or edges in € have target v;1. Ifae Sjg, then the corresponding

edges in € have target v;2. For each j € J — {jo} let
T ={TeT:a(l)ci}=5,.
Let
T, ={T €T: a(T) € &0}
and
={T e%: a(T) € €5},

Then {fjl,ﬁjz} is just a partition of T; and T is a G-finite tiling with respect to
0 0
the partition {<; }jGJA i
Suppose that 7' € T, C Ty. Let {T"}ae? be the unique set of tiles such that
k

of = |J 1%

ace,

and 7% € ¥, if and only if ¢(@) = vk, in T.

For each & € fj there is a corresponding a € &,. The target of & depends upon
the target of . Hence the new tile type of 7% depends on the target of . So the
new pattern of ¢7T is determined by the original tile type of T'. In particular, the
image of every tile in ¥j has the same pattern in the new tile type partition. It
follows that if P is a finite union of tiles in ¥, then the pattern of P with respect
to the partition {fj }j6 ; depends only on the pattern of ¢~ ' P with respect to the
partition {T,;} jes- Hence any subdividing properties that applied to T using the
original partition still apply using the new partition. Moreover, by the construction
we see that the transition ‘matrix correspondlng to the new partition is the same as
the transition matrix for I'. Hence I is the subdivision graph for ¥ with tile type
partition {Sj } jed- Finally, we note that 7" and T have different tile types in this
new tile type partition.

Proposition 1.9. Let j € J, let Ty and T be distinct tiles in T ;. There exists a
partition of T; into two sets (ijl and sz such that

(T ke - u{s, . 5,

is a tile type partition for ¥ which preserves the subdividing properties of €. More-
over Ty € Sjl and Ts € fh

Proof. It a(Ty) # a(T3), then we are done by the preceding remarks. We suppose
now that a(71) = a(Tb).

There exist a unique sequence of tiles {TF}2, such that " C TF and a
unique sequence of tiles {Tgk}iozo such that ¢_kT2 C T¥. Since ¢ is expansive, for
some My > 0 we have 0 € TN N T for all N > My. We claim for some minimal
Ky > 1 we have

a(T°) # a(Ty).
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Suppose for a moment this is true. Then the tile type of TlK0 is the same as the tile
type of T5°. Otherwise the source of a(T}*°~") would be different from the source
of a(TF°™1) and
(T # a(Ty)
contradicting the minimality of K.
By the remarks preceding this proposition we may construct a single insplitting

~1
of I to form I' and the resulting tile type partition for ¥ will give TlK0 and TQK0
different tile types.
The control points for ¥ are positional points for T so we may define a label map

~1 ~1
for I'" in terms of the controls points. We define an edge assignment a': T — &
in terms of the label map for I'. Since TlK0 and T2K0 have different tile types, there
exists a minimal K7 < K| such that

o (T{) # oM (T3).

By applying induction we construct a finite sequence of insplittings to form fN
with edge assignment o™ : € — EV. It follows that there is a decreasing sequence
O<Kn< Kny1<:--- <Ky <Ky
such that oN (T55~) # oN(T£~). Hence for some N > 1 we have

o™ (Th) # o™ (Ty).

So we are in a position to define a tile type partition for ¥ which will force 77 and
T5 to have different tile types in their respective tilings.
Why does K exist? Suppose for all £ > 1 we have

olTY) = a(T3).

Then for all N > 1 we have TV # T4¥. Otherwise for some minimal Ny > 0
we have T]Y° = T,¥°. Suppose this is the case and T} and T3'° are in T,;. Let

T, = ¢_N°c(T1) and x5 = ¢_NOC(T2). We apply the proof for Theorem 1.5 and find

Z1

No
o(T) + ) 67 L(a(T77))
=1

No
o(Ty°) + Y ¢~ L(a(T3° "))

= X3.

So ¢(Ty) = ¢(T»). By Corollary 1.4 we have Ty = T5. But we assumed that 77 # T5.
So {Tf}2, and {T5}2° , are distinct sequences for which T # T for any k > 1.
Since a(TF1) = a(TF™1), we have

(TP = ¢e(TF) = (T3 ) — pe(Ty).
So
(T~ = e(Ty™") = o(e(TT) — o(T3))
for all £ > 0. Hence
o(TF) = e(T3) = ¢~ " (e(Th) — (Ty))
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for all k > 0. Since T} # T», we have ¢(Ty) # ¢(T»). Since ¢ is a homeomorphism,

{67 (c(T1) — e(Tn)) 152,

is a sequence of distinct points converging to 0. But ¥ is locally finite and for all N >
My we have TN and T3 contain 0. So {c(TF)—c(T%¥)} k> ar, contains a finite number

of distinct differences and these are bounded away from zero. The contradiction
implies for some Ko, a(T{*°) # a(T4°). This proves the proposition. O
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